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Cross Product of two Vectors

‘ Def™: Let A = (ay, a,, a3) and B = (by, b, bs) be two vectors. The cross (Vector) product

of A and B, written A x B is defined by:
AxB= (3.2 b3— bzag)T + (3.3 bl— ai bg)T + (a1 bz— dy bl)?

A x B isread as “A cross B”.

Now let us see a simple method how to recall the formula for the cross product of A and B
i) The first method.

i J k
AxB=

a; dy ds

b, b, bs

ii) The second method.

Example: Let A=(5,-1,0)and B=(0, 2, — 2). Find A x Band B x A.

Solution:

AxB=
5 -1 0

0 2 -2
=20 +10 ] +10 k_

Therefore AxB=2 i +10 j +10 k .
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AxB=

= 2i-10j -10 k
Therefore AxB=—2 i — 10T— 10 k .

—_  — — — — —

Properties of Cross Product
Let A, B, C be vectors and let m be a scalar. Then
i) AxB=—(BxA)
iAxA= 0
ii)Ax(B+C)=(AxB)+(AxC)
and (A+B)xC)=(AxC)+(BxC)
iv) (MA)xB=m(AxB)=Ax(mB).

Remark: Cross Product is not associative.

—_—

Example: Tx(?x?)zF While,(T x?)x? =— ] x

Tl

Theorem: Let A and B be two non-zero vectors.
a) A-(AxB)=0and B-(AxB)=0

Consequently; if Ax B = F , then A x B is orthogonal to both A and B.

b) If 6 is the angle between A and B (0 < 6 < x), then

|AxB|=|A||B]sin6.

Proof: |) A- (A X B) = a (ag b3— bzag) + a (ag bl— ad bg) + as (al bz— dy bl)
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= adidy b3— alagbz + aas bl— alagbg, + alae,bz— dy agbl
= (a8 bs— a1@b3) + (a1a3b,— a183h,) + (8,83 by + — @z ashy)
=0.
B- (A X B) = bl (3.2 b3— bzag) + bz (3.3 bl— ai bg) + b3 (3.1 bz— do bl)
=ad b1b3— ds blbg + a3b1b2 - albzbg + albzbg— azblbg
= (a2 b1bs — azbibs) + (asbib, — az bib,) + (a1bobs— a;b,bs)
=0.
i) | Ax B| 2 = (a, 03— bya3) + (a3 by — @y ba)>+ (ay by— @, by)?
= (&, by’ — 2 aa3hobs + by°a3%) + (a1” ba® — 2 asashibs + by* %)
+ (a]_2 b22— 2 qyabqby + a22b12)
=a;” (b, + b3%) + . (b, ™+ bs®) + a3 (bs*+ by?)
- (2 agagbzbg +2 a1a3b1b3 +2 alagblbz)
= (a12 +a, + 332) (b12 + b’ + bsz) — (asby + azb, + asb3)2
= [A]*[B|*~(|A|[B] cos6)®
=|A[?|B|?- | A|?|B|?cos?0
= |A|2|B|2(1— cos20)
=|A|2|B|%sin%0
Therefore | Ax B| = | A||B| sine.

Corollary: Two non-zero vectors A and B are parallel if and only if Ax B= F .
Proof: AxB= 0 < |AxB|=0
< |A]|B]| sin®
< sinB=0
< 0=00r0=m.
< Al B.

Therefore Two non-zero vectors A and B are parallel if and only if Ax B= 0 .

Example: Let A (3,2,-2)and B (0, 3, 7).

i) Determine whether A and B are parallel or orthogonal or neither.
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ii) Find a vector orthogonal to both A and B.

Solution: i) A-B =(3x0)+(@2x3)+(-2x7)=-2,|A| =+17and | B| = 214,

Hence neither A- B = 0nor | A- B| = | A| | B].
Therefore A and B are neither parallel nor orthogonal.

Remark: | AxB | is the area of a parallelogram with adjacent sides A and B.

Triple Product
There are two types of triple products.
i) Scalar triple product
For any three vectors A, Band C, A- (B xC) is called the triple (box or mixed triple)

product of A, B and C.
Example: Show that for any three vectors A, B and C

A-(BxC) = (AxB)- C
Solution: A- (B xC)= | A||B x C| cos o, where a is the angle between A and B xC .

= | A[|B]| |C| cos asin B, where B is the angle between B and C

and (AxB)- C =|A||B| |C| cos y sin v, where y is the angle between C and

A xB and v is the angle between A and B.
Now cos o = sin v and sin B = cos v, because co-functions of complementary angles

are equal.
Therefore A- (B xC) = (AxB): C.

ii) Vector Triple Product
For any three vectors A, B and C, A x (B xC) is called the Vector triple product of

A, Band C.

Example: Show that for any three vectors A, B and C
Ax (BxC) # (AxB)xC

Solution: Ax (B xC)=|A||Bx C| sin o, where o is the angle between A and B xC .
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= | A||B]| |C| sinasin B, where B is the angle between B and C

and (AxB)x C =|A||B]| |C] siny sin v, where y is the angle between C and

A xB and v is the angle between A and B.

Now sin a = sin v and sin  # sin .
Therefore Ax (B xC) # (AxB) xC.

Remark: For any three vectors A, B and C
Ax(B-C),(A-B)x Cand (A-B)-C

are undefined operations.

Some Properties of Triple Products
For any three vectors A, B and C
i) (AxB)-C =B-(CxA)= A-(BxC)
i) Ax(BxC)=B(A-C)-C(A-B) “bac — cab” rule.
Remark: For any three non-zero vectors A, B and C; | A-(BxC) | is the volume of a

parallelepiped with sides A, B and C.
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